Abstract. Let n > 1 be an integer, α ∈ C n , b ∈ C, and V a gl n -module. We define a class of weight modules F α b (V ) over sl n+1 using the restriction of modules of tensor fields over the Lie algebra of vector fields on n-dimensional torus. In this paper we consider the case n = 2 and prove the irreducibility of such 5-parameter sl 3 -modules F α b (V ) generically. All such modules have infinite dimensional weight spaces and lie outside of the category of Gelfand-Tsetlin modules. Hence, this construction yields new families of irreducible sl 3 -modules.
Introduction
Representation theory of infinite-dimensional Lie algebras has been artacting extensive attentions of many mathematicians and physicists. These Lie algebras include in particular the Witt algebra W n which is the derivation algebra of the Laurent polynomial algebra
n ]. The algebra W n is a natural higher rank generalization of the Virasoro algebra, which has many applications to different branches of mathematics and physics. It can also be defined as the Lie algebra of polynomial vector fields on n-dimensional torus. Weight representations of Witt algebras was recently studied by many authors; see [B, E1, E2, BMZ, GLZ, L3, L4, L5, MZ2, Z, BF1, BF2, BF3] . In particular, in [BF3] a classification of weight irreducible W n -modules with finite weight multiplicities was given.
In 1986, Shen [Sh] defined a class of modules F α b (V ) over the Witt algebra W n for α ∈ C n , b ∈ C, and an irreducible module V over the special linear Lie algebra sl n . This construction was also considered by Larsson in [L3] . They are known as modules of tensor fields when V is finite dimensional and they have a geometric origin. These modules play essential part in the classification of weight irreducible W n -modules with finite weight multiplicities [BF3] . In 1996, Eswara Rao determined the necessary and sufficient conditions for modules of tensor fields to be irreducible [E1] (see also [GZ] ). When V is infinite dimensional, the W n -module F α b (V ) is always irreducible, see [LZ] .
With this paper we begin a systematic study of the functors
from the category of weight sl n -modules to the the category of weight W n -modules and sl n+1 -modules respectively. Our goal is to construct irreducible weight modules over sl n+1 with infinite dimensional weight spaces.
At the moment classification of all irreducible weight sl n+1 -modules is only known for n = 1. The largest subcategory of weight modules with infinite weight multiplicities where classification problem can be handled is the category of Gelfand-Tsetlin modules [DFO] . A classification of irreducible modules in this category is complete for n = 2 [FGR1] and is known up to some finiteness [Ov] , [FO] in general. Recently, new families of irreducible weight modules for sl n+1 were constructed by Futorny, Grantcharov and Ramirez [FGR2] , [FGR3] , [FGR4] .
It is not easy to construct examples of irreducible weight modules beyond the category of Gelfand-Tsetlin modules. In the present paper we treat the case n = 2 and construct new families of 5-parameter irreducible modules over the Witt algebra W 2 with infinite dimensional weight spaces and over the Lie algebra sl 3 . For the latter algebra, generic weight modules lie outside of the category of Gelfand-Tsetlin modules. We conjecture that the same holds for an arbitrary n 2.
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2. sl n+1 -modules from gl n -modules
We denote by Z, Z + , N and C the sets of all integers, nonnegative integers, positive integers and complex numbers, respectively.
For a positive integer n > 1, Z n denotes the direct sum of n copies of Z.
n . Let gl n be the Lie algebra of all n × n complex matrices, sl n the subalgebra of gl n consisting of all traceless matrices. For 1 i, j n we denote by E ij the matrix units of gl n and byĒ i,j the matrix units of gl n+1 . For a matrix X we will denote by X ′ its transpose.
2.1. Witt algebras W n . We denote by W n the Lie algebra of derivations of the Laurent polynomial algebra
; and for any a = (a 1 , a 2 , · · · , a n ) ∈ Z n set t a = t
n . Denote the standard basis by {e 1 , e 2 , ..., e n } of the vector space C n . For any u ∈ C n we view u ′ as a column vector. Let ( · | · ) be the standard symmetric bilinear form such that (u|v) = uv ′ ∈ C. For u ∈ C n and r ∈ Z n , we set D(u, r) = t
where w = (u|s)v − (v|r)u. Note that for any u, v, z, y ∈ C n , both u ′ v and x ′ y are n × n matrices, and
A subalgebra h = span{∂ 1 , ∂ 2 , ..., ∂ n } is the Cartan subalgebra of W n . The extended Witt algebra W n is the semidirect sum of W n and the abelian Lie algebra A n with intertwining brackets
For any α ∈ C n , b ∈ C and a gl n -module V on which the identity matrix acts as the scalar b, set
becomes a W n -module with respect to the following action
where u ∈ C n , v ∈ V , n, r ∈ Z n see [L1] and [Sh] . It is easy to see that the module F α b (V ) obtained from any gl n -module V is always a weight module over W n . The following result is well-known [E1, Ru, GZ, Z] .
Theorem 2.1. Let α ∈ C n , b ∈ C, and let V be an irreducible finite dimensional module over gl n on which the identity matrix acts as the scalar b. Then F α b (V ) is irreducible W n -module unless it appears in the de Rham complex of differential forms
The middle terms in this complex are reducible W n -modules, while the modules t α Ω 0 and t α Ω n are reducible whenever α ∈ Z n . Here
2.2. Defining sl n+1 -modules. Recall a standard embedding of sl n+1 into W n . SetĒ
Then it is well-known that the linear span over C of the set
is isomorphic to the Lie algebra sl n+1 (C), see for example [M] . So sl n+1 (C) can be regarded as a subalgebra of W n and each W n -module can be seen as a sl n+1 (C)-module by restriction. We fix the following Cartan subalgebra of sl n+1 (C):
we obtain an sl n+1 -module which we call Witt module and denote again as F α b (V ). It is easy to see that all F α b (V ) are weight (with respect to h) modules over sl n+1 . More precisely, we have
for all v ∈ V and 1 ≤ i, j ≤ n.
From gl 2 -modules to sl 3 -modules
In this section we consider Witt modules over sl 3 obtained from infinite dimensional weight gl 2 -modules. Let α 1 , α 2 , λ, b, c ∈ C with c±λ / ∈ Z. Let V = span{v i |i ∈ Z} be an irreducible cuspidal (i.e., with injective action of generators E 12 , E 21 ) gl 2 -module with 1-dimensional weight subspaces and with the following module structure:
where i ′′ = λ + i. It is well known that these modules exhaust all irreducible cuspidal weight gl 2 -modules. For convenience, we set
We will consider the sl 3 -module
Then we have
and V be the gl 2 -module defined by (3.1). Then the sl 3 -module F α 2b (V ) can be generated by any single vector v i (r 1 , r 2 ) where i, r 1 , r 2 ∈ Z.
Proof. Let W be the sl 3 -submodule of F α 2b (V ) generated by v i (r 1 , r 2 ) where i, r 1 , r 2 ∈ Z are fixed.
and noting that α 1 + 2b, α 2 − b + λ / ∈ Z we see that
and using the fact that α 2 + 2b,
In this manner we deduce the claim. For integer s, r ∈ Z set V (s, r) = span{v(s, r)|v ∈ V }. Repeatedly using Claim, (3.3) and (3.4), we deduce that
ApplyingĒ 31 we obtain that
SinceĒ
and
Repeatedly using the claim and the above equation we deduce that W = F α 2b (V ), and hence the lemma follows. Theorem 3.2. Let λ, b, c, α 1 , α 2 ∈ C such that c ± λ, α 1 − b − λ, α 2 − b+ λ, α 1 + 2b, α 2 + 2b, α 1 + α 2 + b±c, and c ±3b are not integers. If V is a gl 2 -module define by (3.1) then the sl 3 -module F α 2b (V ) is irreducible. Proof. To the contrary, we assume that the sl 3 -module
where a ij (r 1 , r 2 ) ∈ C with a i0 (r 1 , r 2 ) = 1, a is (r 1 , r 2 ) = 0, we say that the length of w i (r 1 , r 2 ) is s + 1. We may assume that s + 1 is the minimal length of nonzero homogeneous elements in W , in particular, w i (r 1 , r 2 ) ∈ W for some fixed i, r 1 , r 2 ∈ Z. We know that s ≥ 1. We will first prove that all vectors in (3.6) form a basis of W . Then analyze the coefficients a ij (r 1 , r 2 ) to deduce some contradictions.
Claim:
The submodule W is spanned by elements of length s + 1, i.e., W is spanned by all w j (s 1 , s 2 ) for j, s 1 , s 2 ∈ Z, which are defined as in (3.6).
To prove this claim, we essentially follow the proof of Lemma 3.1. Since α 1 + 2b, α 2 − b + λ / ∈ Z, the following two elements in W :
are linearly independent which can be seen by looking at the coefficients of v i (r 1 , r 2 ) and v i+s+1 (r 1 , r 2 ). By taking linear combinations of the above two elements we obtain two homogeneous elements of the form (3.6):
Also, since α 2 + 2b, α 1 − b − λ / ∈ Z, the following two elements in W :
are linearly independent which can be seen by looking at the coefficients of v i−1 (r 1 , r 2 ) and v i+s (r 1 , r 2 ). By taking linear combinations of the above two elements we obtain two homogeneous elements of the form (3.6):
(3.8) w i (r 1 − 1, r 2 + 1), w i−1 (r 1 − 1, r 2 + 1) ∈ W.
In this manner we obtain vectors
ApplyingĒ 31 , we deduce that
and the fact that
Repeating this precess, we deduce the Claim.
Now we havē
Hence, r 2 ) , for i, r 1 , r 2 ∈ Z and j = 1, 2, · · · , s. Sincē
we also see that r 2 ) , for i, r 1 , r 2 ∈ Z and i, r 1 , r 2 ∈ Z and j = 1, 2, · · · , s.
Cancelling the term v i+s+1 (r 1 +1, r 2 −1) in the formulas ofĒ 12 w i (r 1 , r 2 ) andĒ 13Ē32 w i (r 1 , r 2 ), we have (3.12) (r
where in the last step we have used (3.10) and (3.11). So we have (r
for i, r 1 , r 2 ∈ Z and j = 1, 2, · · · , s. From this formula we see that λ + 3b / ∈ Z. Cancelling the term v i−1 (r 1 −1, r 2 +1) in the formulas ofĒ 21 w i (r 1 , r 2 ) andĒ 23Ē31 w i (r 1 , r 2 ), we see that (3.14) (r
where in the last step we have used (3.10) and (3.11). Hence,
for i, r 1 , r 2 ∈ Z and j = 1, 2, · · · , s. From this formula we see that λ − 3b / ∈ Z. So we have
for i, r 1 , r 2 ∈ Z and j = 1, 2, · · · , s. Compare this with (3.13) we see
It implies c + 3b − s − 2 = 0 or c − 3b + s + 3 = 0. This is impossible since we have assumed that c ± 3b / ∈ Z. Thus the sl 3 -module F α 2b (V ) is irreducible. Theorem 3.2 provides a large family of weight modules over sl 3 with infinite dimensional weight spaces with explicit basis and the action of generators of the Lie algebra. We will call a Witt module F α 2b (V ) generic if its parameters satisfy conditions of Theorem 3.2. For example, it is the case if the five parameters λ, b, c, α 1 , α 2 ∈ C and 1 are linearly independent over Q.
. This submodule is a generalized Verma module over sl 3 . This shows that generalized Verma modules can be recovered from Witt modules.
Witt modules versus Gelfand-Tsetlin modules
In this section we show that irreducible generic Witt modules are not Gelfand-Tsetlin modules. Let us first recall Gelfand-Tsetlin modules for gl n which were introduced in [DFO] . Let U = U(gl n ). For each m n let gl m be the Lie subalgebra of gl n spanned by {E ij | i, j = 1, . . . , m}. Then we have the following chain
which induces the chain U 1 ⊂ U 2 ⊂ . . . ⊂ U n of the universal enveloping algebras U m = U(gl m ), 1 m n. Let Z m be the center of U m . Then Z m is the polynomial algebra in the m variables {c mk | k = 1, . . . , m},
The subalgebra Γ of U generated by {Z m | m = 1, . . . , n} is the Gelfand-Tsetlin subalgebra of U associated with the chain of subalgebras above. It is a polynomial algebra in the n(n + 1) 2 variables
A finitely generated U-module M is called a Gelfand-Tsetlin module (with respect to Γ) if as a Γ-module
and max(Γ) is the set of maximal ideals of Γ.
Since the Gelfand-Tsetlin subalgebra contains the Cartan subalgebra h spanned by {E ii | i = 1, . . . , n} then any irreducible GelfandTsetlin module is a weight module. On the other hand, every weight module with finite dimensional weight subspaces is a Gelfand-Tsetlin module. Theory of Gelfand-Tsetlin modules was developed in [Ov] , [FO] . In fact, there are several maximal commutative subalgebras of Gelfand-Tsetlin type for which we can define a corresponding category of Gelfand-Tsetlin modules. These subcategories correspond to different (finitely many) chains of different embedding as above. In the case of sl 3 we will have 3 possible Gelfand-Tsetlin subalgebras. Since different chains are conjugated by the Weyl group, respective categories of Gelfand-Tsetlin modules are equivalent.
Denote by GT the category of modules which are Gelfand-Tsetlin modules with respect to some Gelfand-Tsetlin subalgebra. In [FOS] torsion theories for gl n were studied and a stratification of the category of all weight modules by the heights of prime ideals was obtained. In this stratification the category of Gelfand-Tsetlin modules is a starting point (when prime ideals are maximal). We believe that Witt modules will provide examples of irreducible modules in other strata as in the case of sl 3 .
